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Abstract

Bubbles in magma affect its viscosity, one of the most important properties for modeling volcanic eruptions. We
performed new viscosity measurements on rhyolitic magma with bubble volume fractions, ω, between 0.15 and 0.80.
Pumice samples from Medicine Lake Volcano, California, were deformed in torsion-compression experiments at a
temperature of 975 °C , and strains up to ↑3. Capillary numbers during the experiments were large and viscosity,
ε, decreased with increasing ω. The experiments have coherent trends in ε vs. ω with little scatter. We define a
new constitutive relation for the relative viscosity of bubbly rhyolitic melt, εr = exp[5.5 ω/(2 ↓ ω)], and for bubbly
suspensions at high Capillary numbers in general, reducing the uncertainties associated with scatter among the the
body of prior experiments. Our results are useful for more robust modeling of volcanic eruptions.
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1. Introduction12

The fluid dynamics and ensuing style of a volcanic13

eruption is largely determined by the viscosity of its14

magmas. A quantitative knowledge of the factors con-15

tributing to variations in magma viscosity is therefore16

crucial to a more robust understanding of volcanic erup-17

tions. Magma viscosity depends on three contributing18

factors: (i) the viscosity of the silicate melt, which de-19

pends on composition, temperature and potentially on20

strain rate, if the latter is sufficiently large (Simmons,21

1998; Webb and Dingwell, 1990); (ii) the presence of22

crystals, which may not be present in appreciable quan-23

tities or may be present at such high concentrations that24

their interactions dominate magma viscosity (Lejeune25

and Richet, 1995; Costa, 2005); and (iii) the presence26

of bubbles, which are ubiquitous in all magmas (Manga27

et al., 1998; Llewellin et al., 2002b). Bubbles can ei-28

ther increase or decrease magma viscosity, primarily de-29

pending on the balance between the viscous stresses that30

deform the bubbles and surface tension which acts to re-31

store their sphericity (Rust and Manga, 2002; Stein and32

Spera, 2002). This force balance is quantified by the33

→Corresponding author.
Email address: gaetano@rice.edu (Gaetano Ferrante)

Capillary number:34

Ca =
aε0ϑ̇

Γ
, (1)

where a is the undeformed bubble radius, ε0 is the sus-35

pending melt viscosity, ϑ̇ is the shear rate and Γ is the36

surface tension. For Capillary numbers greater than37

1, the viscosity of the bubbly mixture is smaller than38

the viscosity of the melt phase (Rust and Manga, 2002;39

Stein and Spera, 2002; Llewellin et al., 2002b; Llewellin40

and Manga, 2005; Mader et al., 2013). This is the case41

for a wide range of conditions during ascent and erup-42

tion of silicic magmas (Llewellin et al., 2002a; Rust43

et al., 2003).44

The essence of the aforementioned effects of bubbles45

on volcanic eruptions is the reduction in viscous drag on46

the erupting magma, as a consequence of the decrease47

in magma viscosity. This can translate to significant48

effects on magma fragmentation and eruption rate, as49

suggested by numerical models. For example, account-50

ing for the effect of bubbles on magma viscosity can re-51

sult in decreases in predicted fragmentation depth of at52

least 800 m, and 40 to 250% increase in eruption rate,53

depending on the rheological model used (Llewellin54

and Manga, 2005; Starostin et al., 2005). Any quan-55

titative assessment of eruptive dynamics therefore re-56

quires a sound understanding of the effect of bubbles on57

magma rheology. Thus, one seeks a robust constitutive58

Preprint submitted to JVGR March 5, 2025

Final published version at: https://doi.org/10.1016/j.jvolgeores.2025.108297



a b c

Stationary shaft

Rotating shaft

Furnace

1 cm

Figure 1: Illustrative example of a sample (BGM-F23) before (a), during (b), and after (c) an experiment. The sample lies between the stationary
lower shaft and the rotating upper shaft. The high-temperature furnace is shown to the right of panel b. The post-deformation photo was taken after
cooling and retraction of the sample. The change in color between the undeformed sample (a) and the deformed sample (c) is due to oxidation.
Each plate is 2.5 cm in diameter.

relation between the volume fraction of bubbles ω and59

its effect on viscosity, based on experimental measure-60

ments of the viscosity of bubbly magmas. Such mea-61

surements are challenging because they require high62

temperatures and well-characterized starting materials.63

As a consequence, experimentalists have frequently re-64

sorted to the use of analog materials under dynamically65

similar conditions (Rust and Manga, 2002; Llewellin66

et al., 2002b), including sintered glass particles with67

integranular porosity (Rahaman et al., 1987; Rahaman68

and De Jonghe, 1990; Ducamp and Raj, 1989; Sura and69

Panda, 1990; Quane and Russell, 2005; Quane et al.,70

2009), in order to complement the relatively modest71

body of experiments using magmatic melts with bub-72

bles (Bagdassarov and Dingwell, 1992; Lejeune et al.,73

1999; Stein and Spera, 2002; Vona et al., 2016; Sicola74

et al., 2021).75

Experiments using analog materials, such as bub-76

bly syrups, have been limited in ω to values smaller77

than found in many pyroclasts from explosive eruptions,78

where the effect of bubbles may be significant. By the79

same token, the body of experiments using bubbly mag-80

matic melts or sintered glasses encompasses consider-81

able scatter in the data, leaving commensurate uncer-82

tainty in the constitutive relation between viscosity and83

ω that have been proposed. To improve upon this current84

state we have conducted a suite of torsion-compression85

experiments on rhyolitic melts with bubbles. The prin-86

cipal novelty of our work is that each experiment yields87

a coherent sequence of viscosity measurements across88

a wide range of ω (0.15 < ω < 0.8). The result is an89

unequivocal constitutive relation between viscosity and90

bubble volume fraction with a well-constrained asymp-91

totic value for magma viscosity at high ω.92

2. Materials and methods93

2.1. The samples94

We deformed 19 samples of rhyolitic pumice cored95

from clasts from the Plinian fallout of the 1060 CE96

Glass Mountain flow of Medicine Lake volcano, Cal-97

ifornia (Heiken, 1978; Giachetti et al., 2015; Gonner-98

mann et al., 2017). The samples are rhyolitic in compo-99

sition, with SiO2 content of approximately 72-75 wt%100

(Table 1; Heiken, 1978) and 0.2-0.5 wt% of magmatic101

water (Giachetti et al., 2015), texturally homogeneous102

and mainly phenocryst-poor or free (< 5%; Heiken,103

1978). Depending on the size of the clast, one or sev-104

eral cores were drilled and then cut, resulting in 19 sam-105

ples with diameters ranging from 13.8 to 15.1 mm, and106

lengths between 7 and 11.5 mm (Figure 1a).107

The initial volume fraction of vesicles (i.e. bub-108

bles preserved in the solidified pumice) of our samples109

ranged between 0.68 and 0.80. Thin sections and scan-110

ning electron microscope (SEM) images were produced111

for a representative sample with vesicularity of 0.75 and112

vesicle size distributions were obtained by image anal-113

ysis (Figure 2; Gonnermann et al., 2017). The average114

vesicle radius is a10 = 4 µm, at a vesicle number density115

of 1014.6 m-3. On the other hand, the volume averaged116
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Figure 2: Vesicle size distribution of a typical pumice from the
Glass Mountain eruption Gonnermann et al. (2017), indicating the
arithmentic mean (a10 ↔ 4 µm) and the De Brouckere mean radius
(a43 ↔ 40 µm).

(De Brouckere) radius is a43 = 40 µm. These properties117

are comparable to Plinian pumices from other eruptions118

(e.g., Klug et al., 2002; Rust and Cashman, 2011).119

Post-deformation scans of representative samples120

were performed at the High-Resolution X-ray Com-121

puted Tomography Facility, University of Texas, Austin,122

to observe sample microstructure. The scans were ob-123

tained at a resolution of 8.7 µm per voxel, at 100 kV, 10124

W, and with a 4 s acquisition time, producing a stack of125

440–550 regularly spaced images per sample. The latter126

were then analyzed using the ImageJ software.127

2.2. The experiments128

The samples were mounted between two parallel129

plates inside a temperature-controlled oven (Figure 1b),130

where they were heated to a constant experimental tem-131

perature of 975 ↗C. The parallel plates used in our exper-132

iments are serrated to increase grip on the sample and to133

avoid slip (Figures 1 and S9). Before commencement134

of the experiments, the samples were held at the exper-135

imental temperature for longer than the characteristic136

thermal diffusion time (↑ 100 s), to ensure thermal equi-137

libration. The serrated plates were attached via a shaft138

to an Anton Paar Physica MCR301 rheometer. Sam-139

ples were deformed under combined axial and torsional140

forces. A constant normal force of F = 2 N was applied141

throughout the experiments. Concurrently, a constant142

torque of M = 0.0107 N m was applied for durations of143

10 to 300 minutes, depending on the experiment. De-144

tails on the individual experiments are provided in Table145

1.146

Normal force F, torque M, deflection angle ϖ, rota-147

tion rate n, and sample height L were measured by the148

rheometer. Axial strain ϱ, shear strain ϑ, shear stress ς,149

shear rate ϑ̇ and apparent mixture viscosity ε were then150

calculated from the measured quantities (see Table 2 for151

a list of all the symbols employed in this work).152

2.3. Calculated quantities153

The axial strain ϱ experienced by the samples was154

calculated as155

ϱ =
L ↓ Li

Li
, (2)

where Li is the initial length of the samples. In the par-156

allel plate geometry, the shear strain ϑ and shear rate ϑ̇157

vary linearly with radial position r as158

ϑ =
ϖr
L

and ϑ̇ =
2φnr

L
, (3)

respectively, where ϖ is the cumulative deflection angle159

at a given time t during the experiment, L and n are the160

instantaneous length and rotational speed at time t. The161

distribution of shear stresses ς with radial position for162

non-Newtonian fluids is, however, not linear. Assuming163

a power-law fluid, we have164

ς = Kϑ̇m, (4)

where K is a material constant and m is the power-law165

index. K and m are now known a priori. However, the166

shear viscosity of the fluid in the parallel plate geome-167

try can still be calculated using the “single-point correc-168

tion” (Figure S6; e.g., Carvalho et al., 1994). The latter169

relies on the fact that the shear stress corresponding to170

a non-Newtonian fluid is equal to that associated with a171

Newtonian fluid at some radial coordinate rs. For most172

power-law fluids, 0.75 ↘ rs ↘ 0.785 (Carvalho et al.,173

1994). Because the shear stress at the sample rim for174

a Newtonian fluid is known and equal to (e.g., Mezger175

et al., 2012)176

ς0(R) =
2M
φR3 , (5)

it follows that the shear stress at r = rs can be calculated177

as178

ς(rs) = ς0(R)
rs

R
(6)

for a non-Newtonian fluid.179

The apparent mixture viscosity calculated at r = rs is180

thus given by181

ε(rs) =
ς(rs)
ϑ̇(rs)

=
2ML

2φ2nR4 . (7)

For the usual range of power-law indices m (0 ↘ m ↘182

1.2), encompassing the expected values for bubbly flu-183

ids (e.g., Pistone et al., 2016), the viscosity calculated184

3
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Table 1: Deformation data for the experimental pumice samples. Subscripts i and f denote values at the beginning and at the end of the experiments,
respectively. The representative composition (wt%) of BGM rhyolite from Medicine Lake volcano, California is (Giachetti et al., 2015): SiO2
(74.90), TiO2 (0.26), Al2O3 (14.24), FeO (1.74), MnO (0.04), MgO (0.29), CaO (1.30), Na2O (3.82), K2O (4.32), P2O5 (0.03).

Sample ID log10 ϑ̇i (s-1) log10 ϑ̇f (s-1) Ri (mm) Rf (mm) Li (mm) Lf (mm) ωi ωf
BGM-F1 -3.23 -3.88 7.00 5.89 9.42 6.90 0.62 0.31
BGM-F10 -2.91 -3.04 7.30 6.87 8.61 6.98 0.77 0.71
BGM-F16 -3.19 -4.12 7.54 6.69 11.52 5.21 0.72 0.24
BGM-F18-1 -2.99 -3.19 7.57 6.40 6.97 5.05 0.67 0.47
BGM-F22 -3.28 -4.20 7.48 6.67 11.42 5.70 0.67 0.16
BGM-F23 -3.27 -3.48 7.49 6.99 9.49 7.92 0.69 0.60
BGM-F3 -3.10 -3.38 7.09 6.34 10.22 8.85 0.71 0.62
BGM-F30-1 -3.30 -3.70 7.51 7.03 7.06 5.60 0.73 0.63
BGM-F4 -3.18 -4.05 7.05 6.48 10.44 5.99 0.72 0.41
BGM-F5-1 -3.03 -3.16 7.27 6.79 8.56 6.68 0.76 0.67
BGM-F5-2 -2.74 -3.26 7.35 6.84 8.08 5.23 0.76 0.58
BGM-F6 -3.04 -3.93 7.25 6.36 8.69 5.16 0.71 0.33
BGM-F8 -3.20 -3.73 7.35 6.54 9.79 6.23 0.71 0.46
BGM-F9-1 -3.08 -3.46 7.36 6.81 9.18 6.88 0.72 0.58
BGM-G10 -3.11 -3.96 6.95 5.99 10.26 5.36 0.76 0.36
BGM-G12 -2.78 -3.37 6.90 5.67 10.31 4.97 0.83 0.51
BGM-G2 -3.01 -3.49 6.88 6.28 10.03 6.90 0.72 0.52
BGM-G7 -3.12 -3.81 7.30 6.57 10.78 6.07 0.71 0.36
BGM-G8 -3.23 -3.95 7.17 6.28 10.00 6.02 0.68 0.33

via single point correction at r = rs = 0.755 is within185

1% of the true value (Carvalho et al., 1994).186

We calculate the variables of interest (namely shear187

strain ϑ, shear rate ϑ̇, shear stress ς and apparent vis-188

cosity ε) for r = rs. All four variables depend on both189

the radius of the sample and the gap between the plates.190

The latter is measured by the rheometer throughout the191

experiment. The sample radius is, however, measured192

only at the beginning and at the end of each experiment.193

The time-dependent sample radius is calculated with the194

method described in Section S2. However, since the195

changes in sample radius during the experiments are rel-196

atively small compared to the changes in the other con-197

trolling variables (Table 1), variations in sample radius198

arising from uncertainty in its estimate do not produce199

noticeable changes in results.200

Bubble volume fraction of each sample over the201

course of the experiment was calculated using (i) L,202

the measured height of the cylindrical sample; (ii) the203

time-dependent sample radius R (Section S2); (iii) the204

mass Mt of the samples, measured using a precision205

scale; (iv) the average density of the sample matrix206

↼m = 2430 kg m-3, determined by He-pycnometry (Gia-207

chetti et al., 2015). The sample radius and length were208

used to calculate the envelope volume Vt of each sam-209

ple throughout the experiments. The matrix volume of210

each sample was then calculated as Vm = Mt/↼m, and211

the bubble volume fraction as ω = (Vt ↓ Vm)/Vt.212

3. Results213

3.1. Deformation data214

The gap between the plates L, the deflection angle of215

the upper plate ϖ and its rotation rate n are shown in216

Figure 3. Shear stress ς, shear rate ϑ̇ and shear strain ϑ217

were calculated from the raw measurements following218

the methods outlined in Section 2.3. The results cal-219

culated at the single point radius r = rs ↔ 0.755R are220

shown in Figure 4. It is worth noting that since shear221

strain and shear rate increase linearly with increasing222

distance from the rotation axis, their values at r = rs are223

a factor 0.755 smaller than the maximum values at the224

sample rim and shown in Figure S7225

Although the samples are subjected to a constant226

torque of M = 0.0107 N m, shear stresses at r = rs range227

from 12 kPa to 25 kPa over the course of each experi-228

ment time (Figure 4a) because of the change in sample229

radius (Figure S5). The resulting shear rates range from230

10↓4.35 s-1 to 10↓2.86 s-1 (Figure 4b). At all times during231

the experiments the Capillary number was greater than232

1 (Section S1), and the shear rates were below the onset233

of non-Newtonian melt behavior (Figure S8; Webb and234

Dingwell, 1990). Shear rate exhibits random fluctua-235

tions about the average rate, resulting from fluctuations236
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Figure 3: Raw mechanical data: gap between the plates (a), deflection angle (b) and rotation rate of the upper plate (c) as a function of time.

Symbol Description Unit
a10 Average vesicle radius m
a43 De Brouckere vesicle radius m
F Normal force N
K Power-law fluid constant Pa sm

L Sample length m
M Torque N m
m Power-law fluid index -
n Plate rotation rate s-1

r Sample radial coordinate m
rs Single-point radial coordinate m
R Sample radius m
T Temperature ↗C

Vm Sample matrix volume m3

Vt Sample envelope volume m3

↽ Fitting parameter -
ϑ Shear strain -
ϑ̇ Shear rate s-1

ϱ Axial strain -
ε Mixture viscosity Pa s-1

εr Relative viscosity Pa s-1

ε0 Suspending melt viscosity Pa s-1

ϖ Plate deflection angle rad
ω Bubble volume fraction -
ωa ω at viscosity asymptote -
↼m Sample matrix density kg m-3

ς Shear stress Pa
⇀ Plate rotational speed rad s-1

Table 2: List of symbols employed in this study with description and
unit.

in measured rotation rate (Figures 3c and S11). We do237

not know whether they represent actual small variations238

in sample deformation rate or whether they are asso-239

ciated with minor slippage. The variability in rotation240

rate is of ±2% about the average rate, resulting in an es-241

timated uncertainty in our shear viscosity calculations242

of approximately 2%.243

Over the course of a given experiment ϑ increases due244

to the imposed shear deformation, reaching final values245

between ϑ = 0.15 and ϑ = 2 (Figure 4c, inset). Concur-246

rently, because of the axial force, samples undergo com-247

paction (e.g., Ashwell et al., 2015), that is the volume248

fraction of bubbles ω decreases during the experiment249

(Figure 4d), reaching axial strains between ϱ = 0.05250

and ϱ = 0.55 (Figure 4e). As a consequence of the de-251

crease in ω, shear rates decrease (Figure 4b), and the252

apparent mixture viscosity ε increases over the course253

of the experiments (Figure 4f). Viscosities calculated in254

shear are compared to those calculated from the shorten-255

ing of the samples in Figure S3. The two viscosities are256

comparable and correlate with each other, showing no257

systematic trend that would indicate that viscosities cal-258

culated from rotation (shear) rate are biased by slippage259

of the upper or lower plates. Moreover, because the de-260

formation rate resulting from the shortening of the sam-261

ple is on average one order of magnitude smaller than262

the shear rate, this analysis substantiates our estimates263

of high Capillary number.264

Permeability of the samples was measured before and265

after each experiment (see Gonnermann et al., 2017).266

All samples were permeable to begin with. Although267

permeability decreased with strain, it remained suffi-268

ciently large for compaction to occur throughout the ex-269

periments (Figure 4d). Thus, unlike similar experiments270

by Okumura et al. (2013) on foamed obsidian, there was271

no strain limit associated with the onset of compaction272

5

Final published version at: https://doi.org/10.1016/j.jvolgeores.2025.108297



F16

F22

G10

F4

F6

G8

F1

F30-1

G12
G7

F8

F22

F16

G7

G8
F4

G10G12

F1 F6

F30-1

F10

F8

Figure 4: Mechanical data for each experiment calculated at r = rs (i.e. the radial coordinate corresponding to the single point correction). Each
point in every curve represents one individual measurement. a: Shear stress ς as a function of time t. b: Shear rate ϑ̇ as a function of time t. c:
Shear strain ϑ as a function of time t. d: Bubble volume fraction ω as a function of time t. e: Axial strain ϱ as a function of time t. f: Viscosity ε as
a function of time t.

in our experiments, because our pumice samples were273

already permeable. During deformation, the samples274

were at all times in contact with the plates (Figures 1 and275

S9a). Deformation of the samples was uniformly dis-276

tributed along their height (Figures 5, 6 and S9). Some277

samples, however, exhibit densification within a zone278

near their center in the axial direction (Figures 5 and279

S13). Since the samples are heterogeneous to begin280

with, the latter could be attributed to initial variability281

in vesicularity across the sample. However, we cannot282

rule out the occurrence of some degree of concentra-283

tion of shear deformation near the center of some sam-284

ples. This has not been accounted for in our analysis.285

However, no evidence of fracturing or shear localiza-286

6
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Figure 5: Post-deformation computed microtomography scans of two representative samples (BGM-F6 and BGM-G10), showing transverse,
longitudinal axial and longitudinal tangential sections.

tion along weak planes was observed (Figure 5), con-287

sistent with the high-temperature experiments by Oku-288

mura et al. (2013). Because shear strain and shear rate289

in the samples increase linearly along the radial coor-290

dinate, computed microtomography scans provide ob-291

servations of deformation across a wide range of shear292

strains and shear rates, showing increasing bubble elon-293

gation and alignment with increasing distance from the294

rotation axis (Figure 5). A close-up of the longitudi-295

nal tangential section of representative sample BGM-F6296

taken at r ↔ rs is provided in Figure 6, showing align-297

ment and deformation of bubbles at the shear rates of298

interest for our viscosity calculations.299

3.2. Sampling of the data300

All experiments exhibit a steep drop in shear rate at301

the beginning of the experiment (Figure 7), which is302

thought to be a consequence of sample loading. These303

‘loading’ periods are typically not used for analysis. In-304

stead, one uses the data during which shear rates de-305

crease more steadily, as shown by the linear decrease306

in log ϑ̇ with increasing ϑ signaled by the large dots307

in Figure 4f. Following this conventional approach to308

avoid transient rheological effects associated with small309

strains (Manga and Loewenberg, 2001; Stein and Spera,310

2002), we excluded the initial loading period in our311

analysis and subsequent figures.312

3.3. Functional relation between viscosity and volume313

fraction of bubbles314

Our data constitute a continuous sequence of viscos-315

ity measurements across a range of bubble volume frac-316

tions from 0.16 to 0.76. The apparent viscosity, ε, in-317

creases with decreasing bubble volume fraction, ω (Fig-318

ure 8). This is consistent with previous experiments319

on silicate melts at large Capillary numbers (Bagdas-320

sarov and Dingwell, 1992; Lejeune et al., 1999; Stein321

and Spera, 2002). For all samples there is a similar trend322

in ε as a function of ω, which overlaps for the majority323

of samples.324

We find that the trend emerging from our data is well325

represented by a modified version of the constitutive re-326

lation proposed by Ducamp and Raj (1989) (Figure 8a):327

ln (ε/ε0) = ↓↽ω/(1 + ωa ↓ ω) = ↓↽ω/(2 ↓ ω). (8)

In contrast with Ducamp and Raj’s original equation,328

Equation 8 accounts for the fact that the experimental329

data ε(ω) follows a trend for which ε does not go to330

zero at large ω, but rather approaches a finite value at331

ω = ωa (Figure 8b). For convenience we choose the332

limit ωa = 1.333

The value of ε0 in Equation 8 is a fitting parame-334

ter that is allowed to vary between experiments, while335

↽ is a fitting parameter that is constrained to be the336

same for all experiments. Conceptually, ε0 represents337

the value of ε at ω = 0. For most samples, the fit yields338

7
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Figure 6: Close-ups of post-deformation computed microtomography scans of representative samples BGM-F6 (a) and BGM-G10 (b), showing
undeformed bubbles around the sample rotation axis (left panels), where the shear rates are the lowest, and deformed bubbles close to the sample
rim (right panels), where the shear rates are the highest.

0 0.5 1 1.5 2

Strain, .

10!4

10!3

S
h
ea

r
R

a
te

,
_.

(1
/
s)

End of loading period

F10 F5-2
G12

F5-1
G2

F1
F30-1

G8

F6

F4

F22

F16

G10

F8
G7

F18-1

F9-1F23

F3

Figure 7: Shear rate log ϑ̇ as a function of shear strain ϑ. The colored
diamonds represent our picks for the end of the loading periods, which
were excluded from our analysis (see Figure S4 for individual curves).

ε0 ↔ 6 ± 1 ≃ 108 Pa s. Three samples have values of339

ε0 ↔ 12 ± 1 ≃ 108 Pa s, while two samples have val-340

ues of ε0 ↔ 3 ± 1 ≃ 108 Pa s. Our fitted values of ε0341

fall between the measurements of Webb and Dingwell342

(1990) and Stevenson et al. (1996) on anhydrous Little343

Glass Mountain obsidian and hydrous (0.13 wt.% H2O)344

Big Glass Mountain obsidian. We attribute the inferred345

variations in ε0 to potential differences in SiO2, crystal,346

and/or microlite content (Stevenson et al., 1996) among347

the samples.348

We define a relative viscosity εr = ε/ε0. When plot-349

ted as a function of ω, it is apparent that all experiments350

delineate a singular coherent trend (Figure 8c) given by351

εr = e↓↽ω/(2↓ω) (9)

with ↽ = 5.5 (see Section S2 for details on the model352

fit). The denominator on the right hand side of Equa-353

tion 8 implies that for large ω the relative viscosity ap-354

proaches a value of εr = e↓↽ ↔ 0.004. Conceptually355

this value represents the high-ω limit of εr for bubbly356

suspensions at high Capillary numbers. Although in357

our fitting of the experimental data we have assumed358

that ωa = 1, the rheological transition from a wet foam359

to a dry foam occurs at somewhat lower values of ω360

(ω ↔ 0.9; Furuta et al., 2016). To what extent such an361

asymptotic value of εr exists in general, and how vari-362

able it is between bubbly suspension of different types,363

is unclear. Here the limit εr ↔ 0.004 has the role of364

preventing the constitutive equation from predicting un-365

realistic values of εr when ω ⇐ 1. Our data does not366

extend to such high values of ω and the smallest value367

of εr realized in our experiments is ↔ 0.04. The trend of368

the data, if extrapolated, suggests that εr does decrease369

further with increasing ω, but it is unclear up to what370
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limit. These nuances aside, our data provide a remark-371

ably coherent trend that enables us to provide a well-372

constrained constitutive model for εr over a range in ω373

that encompasses most of what may be expected dur-374

ing rhyolitic eruptions, based on the volume fraction of375

vesicles measured in volcanic samples (Houghton and376

Wilson, 1989; Klug et al., 2002; Carey et al., 2009; Al-377

fano et al., 2012).378

4. Discussion379

4.1. Comparison with previous experimental studies380

Previously published experiments on the rheology of381

bubbly melts at high Capillary number are listed in Ta-382

ble A1 and shown in Figure 9. Starting materials in-383

clude vesicular melts (light blue symbols in Figure 9;384

Bagdassarov and Dingwell, 1992; Lejeune et al., 1999;385

Stein and Spera, 2002; Okumura et al., 2013; Vona386

et al., 2016; Sicola et al., 2021) and sintered particles,387

such as glass powders (empty gray symbols; Rahaman388

et al., 1987; Ducamp and Raj, 1989; Sura and Panda,389

1990; Rahaman and De Jonghe, 1990; Quane and Rus-390

sell, 2005) and volcanic ash (filled gray symbols; Quane391

et al., 2009; Heap et al., 2014).392

Only six data points are available in the literature393

for bubble volume fractions greater than 0.6, with a394

maximum of 0.68 (Bagdassarov and Dingwell, 1992),395

which is from vesiculated rhyolitic obsidian. Our exper-396

iments are the first to be conducted on naturally occur-397

ring pumiceous pyroclasts, which allowed us to reach398

bubble volume fractions as high as 0.76, while main-399

taining the realism associated with natural compositions400

and bubble size distributions. Most experiments have401

been conducted under uniaxial loading, although Stein402

and Spera (2002) employed a concentric cylinder geom-403

etry, and Okumura et al. (2013) used a torsion apparatus.404

Our torsion-compression geometry allowed us to reach405

shear strains as high as 2.8.406

When shown in terms of the relative viscosity, εr,407

our results are in good agreement with those of Stein408

and Spera (2002) (performed on vesicular rhyolite),409

Ducamp and Raj (1989), Rahaman and De Jonghe410

(1990) (both performed on sintered glass particles) and411

Quane et al. (2009) (performed on sintered rhyolitic412

ash). For bubble volume fractions lower than 0.35, our413

results are also in excellent agreement with experiments414

performed by Sicola et al. (2021) on foamed rhyolite415

with fluid-filled bubbles (labeled “single stage” in Fig-416

ure 9), but the two datasets significantly diverge for417

ω > 0.4. However, while some of the existing studies418

fall on or near our data, scatter amongst the published419

measurements is too large to establish a definite rela-420

tionship between εr and ω. Our measurements not only421

augment the existing body of published data, but also422

support the new constitutive relation provided by Equa-423

tion 8, which also provides a good fit to the experimental424

data of Stein and Spera (2002); Ducamp and Raj (1989);425

Rahaman and De Jonghe (1990); Quane et al. (2009).426

4.2. Comparison with previous models427

Figure 9 shows that previously proposed models for428

εr(ω) of Manga and Loewenberg (2001), Pal (2003),429

Rust and Manga (2002), Bagdassarov and Dingwell430

(1992), and Ducamp and Raj (1989) do not fit our data.431

The model of Manga and Loewenberg (2001) is based432

on numerical simulations of bubble deformation in sim-433

ple shear flow and their results consistently overestimate434

εr for 0 < ω < 0.4.435

Pal (2003) proposed four theoretical models for the436

relative viscosity of concentrated bubbly suspensions.437

Among the four models, their “model 2” is the most438

widely used in volcanology and commonly referred to439

as the minimum model (Llewellin and Manga, 2005).440

For large capillary numbers, their model yields441

εr = (1 ↓ ω)5/3 (10)

and consistently overestimates εr.442

Rust and Manga (2002) performed concentric cylin-443

der experiments on dilute suspensions of bubbles in444

corn syrup at Capillary numbers of order 1. They fit-445

ted the Cross (1965) model to their data, assuming the446

Krieger and Dougherty (1959) equation as the high cap-447

illary number limit of εr to obtain448

εr =
(
1 ↓ ω
ωm

)2.37ωm

, (11)

with ωm = 0.9. For bubble volume fractions lower than449

0.65, Equation 11 is in excellent agreement with our re-450

sults. However, for ω greater than 0.7 it significantly451

under-predicts εr from our experiments. Given that the452

experiments upon which Equation 11 is based are at453

Capillary numbers ↑ 1 and for ω < 0.2, this divergence454

is not surprising.455

In contrast to the aforementioned constitutive mod-456

els, Bagdassarov and Dingwell (1992) performed paral-457

lel plate viscometry experiments on vesicular rhyolite to458

obtain the empirical relation459

εr =
1

1 +Cω
, (12)

where C = 22.4. Equation 12 is commonly referred460

in the literature as the maximum model for the effect461
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of bubbles on magma viscosity (Llewellin and Manga,462

2005). This model differs significantly from other mod-463

els in that εr decreases very rapidly for ω < 0.1, but464

showcases virtually no change in the range 0.2 < ω <465

0.7.466

Ducamp and Raj (1989) proposed an empirical rela-467

tion based on experiments on porous glasses, given by468

εr = exp
(
↓ ↽ ω

1 ↓ ω
)
, (13)

where ↽ is an adjustable parameter. For small porosities,469

their model reduces to the exact solution of Macken-470

zie (1950), obtained for dilute suspensions of spherical471
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pores472

εr = (1 ↓ ↽ω), (14)

with ↽ = 5/3 in the derivation of Mackenzie (1950).473

The model proposed by Ducamp and Raj (1989) gen-474

eralizes Equation 14 to non-dilute suspensions of arbi-475

trarily shaped pores. It has been used to model relative476

viscosity as a function of bubble volume fraction for477

vesicular melts and sintered particles with intergranular478

porosity, with the objective of moving towards a gen-479

eral constitutive equation for materials of volcanolog-480

ical interest (Quane and Russell, 2005; Quane et al.,481

2009; Heap et al., 2014; Vona et al., 2016; Sicola et al.,482

2021). A wide range of values for the parameter ↽ have483

been obtained by fitting experimental data to Equation484

13 (Table A1), as shown by the shaded gray area in Fig-485

ure 9. While Equation 13 provides a good fit at small486

ω, the exponential decrease of εr at high ω diverges sig-487

nificantly from our experimental data, motivating our488

modification of Ducamp and Raj’s model provided by489

our Equation 8.490

5. Conclusion491

Magma eruption rate is a consequence of the dy-492

namical balance between driving forces during eruptive493

magma ascent (buoyancy and excess pressure) and re-494

sistive viscous forces. The latter requires a robust con-495

stitutive model for the effect of bubbles on magma vis-496

cosity. The experimental data presented herein reduce497

prior uncertainty in the functional relation between ap-498

parent viscosity of silicic bubbly magma and its bubble499

volume fraction. The coherent trend exhibited by our500

new data leads to a new constitutive relation for appar-501

ent viscosity as a function of bubble volume fraction502

at high Capillary numbers. This new constitutive re-503

lation represents a modification of the model proposed504

by Ducamp and Raj (1989). It includes a limit value505

for the relative viscosity as bubble volume fraction be-506

comes large, thus avoiding unrealistically low viscosi-507

ties at high bubble volume fractions.508
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